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ABSTRACT 

The influence of disc radiation capture upon black hole rotational evolution is neg- 
ligible for radiatively inefficient discs. For the standard thin disc model it is a slight 
but potentially important effect leading to the equilibrium spin parameter value of 
a eq ~ 0.998. For optically thin discs, the fraction of disc radiation captured by the 
| I | ' black hole is however about two times larger. In some disc radiation models, inner parts 

of the accretion flow are optically thin, advection-dominated flows, and the thin disc 
O ' ends at some transition radius Rt r - The thermal energy of the disc stored in trapped 

radiation is released at this radius. Angular distribution of the radiation released at 
this radial photosphere facilitates its capture by the black hole. For accretion rates 
. close to critical and disc truncation radius Rtr — (2 -r- 4)GM/c 2 , radiation capture is 

' most efficient in spinning the black hole down that may lead to a eq ~ 0.996 -r- 0.997 

or less depending on the mass accretion rate. For an accretion flow radiating some 
constant fraction e of dissipated energy, the equilibrium Kerr parameter is shown to 
J> , obey the relation 1 — a eq oc e 3 / 2 as long as 1 — a eq <C 1. Deviations from Keplerian 

law near the last stable orbit dominate over the radiation capture effect if they exceed 

!>■ : i -7- 2%. 
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1 INTRODUCTION 

Black hole is probably the simplest astrophysical system described, apart from its position and velocity, by only one scalar 
(mass) and one vector parameter (angular momentum). Angular momentum J of a black hole is convenient to normalize by 



?H ■ its highest possible value: 



GM 
J — a 

c 



Here, — 1 < a < 1 is dimensionless Kerr parameter that we will consider as a positive scalar assuming that the accretion 
disc lies within the black hole equatorial plane and all the matter being ac creted has angular momentu m collinear with that 



of the black hole. The primary reason for this is Bardeen-Petterson effect ( Bardeen fc Petterson 19751 ) that aligns the inner 
parts of an accretion flow with the black hole spin. A tilted disc exchanges angular momentum with the black hole through 
Lense-Thirring precession but it does not affect the absolute value of the spin. 

In the case of equat o rial d isc, evolution of a black hole is described by the two first-order equations for mass and for Kerr 
parameter (see Bardeen 1 1970t )). As long as the mass and angular momentum accreted by the black hole depend linearly on 



the mass accretion rate, the evolution may be expressed in terms of spin parameter change with mass: 

da _ c 3 L f 
din M ~ GM El a 

Here, L* and E* are the net (per unit mass) angular momentum and energy of the matter absorbed by the hole. For the 
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case of thin disc accretion of ideal matter with no additional stress terms, black hole spin evolution proceeds towards the 
maximal possible value of a = 1 and formally even further. For black holes close to the extreme Kerr case, unexpected effects 
such as radiation capture may play the main role in stopping the spin-up. In particular, black hole should absorb stellar light 
and cosmic microwave background. Net angular momentum of distant photons is around zero (see section 12. 3[1 hence they 
simply dilute the rotational energy of the accreting black hole by irreducible mass. If accretion is present, its impact and 
impact of its radiation upon rotation of the black hole are evidently much stronger. Since Kerr parameter is likely to differ 
from zero by a small but still significant amount, it is reasonable to operate with 5a — 1 — a. 

A relative l y str ong limit upon the rotational parameter is se t by selective capture of the radiation of the disc p ointed 
out by Thornel ( 19741 ) . For the thin radiatively efficient disc model ( Shakura fc Sunvaevll 19731 ; iNovikov fe Thorndl 19731 ) ■ black 
hole spin-up proceeds towards the equilibrium value of a ~ 0.998 (or 8a ~ 2 x 10 -3 ). 

While for radiatively efficient thin disc accretion is relatively well understood, there is still lack in understanding of 
geometrically thic k discs and accretion flows that are generally rad iatively inefficient and hence may spin up black holes to 



geometrically truck discs and accretion nows tnat arc generally radiatively inefficient and nence may spin up black noies to 
higher values of a jAbramowicz fc Lasota|[l980l ; ISadowski et al.ll201lf ). The non-Keplerian nature of thick radi atively inefficient 
flows may revert the effect by lowering the specific angular momentum. Equilibrium spin values found bv lPopham fc Gammiel 
ami ) are considerably lower {a eq ~ 0.8 -i- 0.9). Inclusion of different effects such as magn etic stresses and min or mergers (in 
spin evolution of massive black holes) also leads to the relatively small values of a ea ~ 0.9 ( Gammie et al.ll2004l ) . Intermediate 
Kerr parameters are also generally found in fitting the observational data I Li et al. 20051 ). Here, I will consider primarily 
the effect of radiation capture paying little attention to deviations from Keplerian law (they are considered approximately in 
section [23} and not considering the effect of additional momentum transfer (for instance, by magnetic fields). 

There are accretion flow models where radiatively efficient and inefficient parts coexis t, primarily in the fo rm of a nearly 
standard outer disc with optically thin advection-dominated inner parts (see for example Meyer et al. (2000)). In the inner 
parts of thin accretion discs in X-ray binaries, radiation pressure dominates over gas pressure, and the transition from the 
standard disc to an optically thin flow should be accompanied by more or less abrupt emission of the internal energy stored in 
radiation trapped inside the disc. More gradual transition to an optically-thin flow should be still accompanied by radiation 
of all the trapped emission, but the shape of the photosphere will be more complex. Below, I will consider the inner disc face 
consisting either of one cylindrical surface of a constant radius or of two conical surfaces inclined by some angle rj toward 
the surface of the thin disc. The effect of the transition photosphere becomes more pronounced with growing mass accretion 
rate and is e nhanced by ra dial advection of trapped radiation. The radial p hotosphere position is determined either by disc 



evaporation (|Honmalll996l ) or by the sonic surface situated close to risco (|Penna et al. 120121 ). In the latter case, the disc 



becomes transparent because of the density drop after transition to free-fall regime. Since I restrict myself to the standard 
disc model with Keplerian rotation law, I will not consider solutions with the transition radius situated inside the last stable 
orbit; 

Honma ( 1996) estimates the transition radius due to evaporation as: 



2.1 x 10 



3 ck GM 



Where m = M<? / LEdd, therefore the normalization in this expression is different from that used in the original work. 
Strong dependence on the poorly known viscosity parameter a makes a broad range of truncation radii possible. Transition 
radius will be treated as a free parameter spanning a broad range of values between the last stable orbit and several tens of 
GM/c 2 . 

The primary goal of this work is to estimate how does the maximal possible spin depend on the properties of the inner 
disc such as disc truncation and existence of a radial photos phere. In the n ext section I describe the technique used to calculate 
the radiation braking term based on the method used by Thornel (1974). In section [3] I report the results obtained for the 
general case of an accretion disc truncated from inside and the case of a geometrically and optically thick disc where only 
photons emitted from its inner rim may reach the black hole. In section [4] I discuss the implications and limitations of my 
results. 



2 CALCULATION TECHNIQUE 
2.1 Local disc radiation field 

Let us consider that in the co-moving frame, a unit surface element of disc surface radiates some known energy flux F — 
F(R,a). For instance, for the standard thin accretion disc this flux equals: 

3 GMM Q _ 3 e 5 m Q 
SD ~ 8tt R3 B ^c ~ 2 xGM r s B ^c U 
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Below I will use dimensionless variables r = Rc 2 /GM, m — Mc 2 / LEdd, where LEdd is Eddington luminosity, >c is (Thorn 



son) o pacity. The calligraphic letters denote the coefficients used in the relativistic thin disc model as given by iPenna et al 



(2012). This flux may be converted to the fluxes of energy-at-infinity and angular momentum only if the angular dependence 
of the intensity of the outcoming radiation is known. This distribution is different, for instance, for optically-thin and optically 
thick discs and for discs with contributions of different opacity sources in the atmosphere. An interesting possibility is the 
possible inclination of the disc photosphere caused by disc thickness dependence on radius. 

Locally measured flux leaving the disc in a unit solid angle may be expressed as F x i(0,$), where J idQ, = 1 and 
O and <& characterize the direction in the frame co-rotating with the disc, dtt = sin0dOd$ (see details in Appendix IA")) . 



This normalization is different from the intensity normalization used bv lThornd (jl97J) by a factor of cosO. For an isotropic 
source, i = 1/4-ir. For the more general case of radiation field symmetric with respect to some axis i = i(fJ>), where /i = 
cos r] cos © — sin r\ sin O cos $ for the axis lying in the plane perpendicular to the direction of disc rotation and inclined by 
some angle r\ with respect to the vertical. Minus sign means that we consider r\ positive if the face of the inclined photosphere 
is oriented toward the black hole. In particular, /i = cos O if the disc surface is horizontal and \i = — sin © cos <E> for the inner 
disc face case. For a thin static plane-parallel photosphere: 



i(8,$) = < 



JL 

2tt 



Lambert's cosine law 



7tt 



fl X (1 + atmosphere affected by electron-scattering opacity 



The only place w here the I oc 1 + 2fi la w for outcoming intensity is derived seems to be the Chandrasekhar's monograph 
on radiation transfer ( Chandrasekhar ,1960). For fx < 0, I assume i — in both cases. 

Outer parts of accretion discs may have considerab l e thic kness due to disc thickness dependence on radius and due to 
irradiation effects (flaring discs, see Shakura fc Sunvaev 1 197&j )). but their impact on the black hole is smaller by a factor of 
1/r. In the inner parts of the disc, strong but poorly known dependence of disc thickness on radius creates inclined portions 
of disc photosphere. Here, I assume that disc truncation is abrupt enough to make cylindrical photosphere with r\ — 0. 



2.2 Radiation capture braking term 



To calculate the effect of captured radiation upon black hole evolution, it is convenient to perform integration over solid angles 
in the co-moving frame and then over the disc surface. The integrand is ^J—gFn t in the case of energy and ^/—gFn v in the 
case of angular momentum, where n v and nt are the components of the momentum of a photon having unit energy in the 
orbiting frame (see Appendix [X]). The multiplier \f—g = a x yJg vv g Z zgrr — r takes into account the difference in the proper 
and coordinate time (a) and for the elementary disc surface area. First integration should be performed on ly over t h e pho ton 
trajectories that finally encounter the black hole. Condition for hitting the black hole was considered by iThornd (| 19741 ) in 
terms of effective potential. Since some parts of the disc may be geometrically thick, photons will be at average emitted at 
some distance from the equatorial plane of the disc, equal to the disc height for the standard disc and smaller for the optically 
thin and transition cases. This may be important for the condition of hitting the black hole that is sensitive to the Carter 
constant value. All the other effects are 0(H/R) 2 or smaller. Carter's constant is larger and may be evaluated as: 



n 2 2 2 . 2 w / n % 2\ 

Q = r n z + no x [ - — - a , 
V 1 - Mo / 

where m are normalized coordinate components of the photon momentum (see Appendix|X|, Mo is calculated as no = H/R, 
where H = Hsd = § ? ti~I^ x Q1Z~ 1 B~ 1 C~ 1 ^ 2 for the thin disc case, Hsd x \/2/5 for the transition region (see below this 
section) and H = i?/4 for the optically thick case. This allows to approximately evaluate the effects of disc thickness. 

In figure [TJ I show the relative fraction of intensity absorbed by the BH as a function of dimensionless radius. Optically 
thin disc is evidently much more efficient due to different angular dependence of intensity and besides this has different 
scaling for large radii. At some large dimensionless radius r, the directions intercepted by the black hole cover a solid angle 
of Q.bh ~ 7rr -2 near cosO = 0. Flux fraction absorbed by the black hole scales approximately ~ (j cosOj) x Q,bh oc r~ 3 in 
the thin disc case and ~ Qbh oc r~ 2 in the optically thin case and for a radially-oriented photosphere. In the last case the 
gain is even higher because the radiation is channelled toward the black hole. In figure [T] the dotted and dot-dashed curves 
correspond to the optically thin disc case for H/R — and H/R = 0.5. The amplitude of disc thickness effects remains of the 
order of (H/2R) 2 ~ 6% for the considered range of radial distances. 

Radiation contributions to black hole mass growth and angular momentum evolution are: 



\^f) =4/ F (R)if i(e,$,R)n t c B H(e>,$,R)dn) RdRd<p 

V / rad c -/disc surface \J co- moving n J 
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Figure 1. Co- moving flux fraction absorbed by the black hole as a function of distance. Solid lines correspond to the thin disc case, 
dotted for isotropic emission (optically thin case), dashed for radial photosphere (transition region). Hereafter grey lines correspond to 
the case of electron-scattering atmosphere solution. The dot-dashed curve corresponds to the optically thin case without the effects of 
disc thickness. Kerr parameter is set to a = 0.998. 



F(R) 



i{®,§,R)n v C B H{<3>,§,R)dQ, RdRd<p 



d£\ _ GM 

J rad c ^ disc surface Woo- moving n 

Here, dA — RdRdtp is surface area element, Cbh = 1 if the photon encounters the black hole and otherwise. The form 
of i(G>, R) is set explicitly in accor dance wi t h the considered emission regime. Apart from the case of optically-thin disc and 
the standard disc case considered bv lThornd (1 19741 ). the most expected picture is a standard disc truncated from inside with 
its inner parts replaced by an optically-thin, geometrically thick flow. In this case, the two above integrals may be expressed 
as sums of three terms corresponding to the inner transparent part, the inner face of the disc and the outer standard thin disc. 
I treat the radial coordinate of the inner face of the disc is a free parameter and assume that it coincides with the transition 
radius Rt r dividing the optically thin and optically thick parts of the disc. 

The two quantities conserved along the path of the photon, —nt and n v , are calculated as functions of its comoving- frame 
properties (see Appendix |A| : 



1 

n t = -= x 

Vc 



G + 



■ sin sin <J> 



sin O sin <3? 



(2) 



(3) 



For the optically thin part, I will assume the accretion disc flux to be equal to the standard disc flux Fsd multiplied by 
a constant factor of e < 1. This is presumably a very much simplified picture but sufficient to estimate the principal effect of 
disc truncation in its inner parts. 

Kerr parameter evolution is governed by a first-order equation of the form: 
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da _ c dJ 2a dM 
dt ~ GAP ~dt ~ ~M~dt 

To exclude the black hole mass from the right-hand side it is convenient to divide the expression by jf^if- This leads to 
the following expression: 

da _ c 3 L^ + (dJ/dt) rad /M 2a (4) 



d In M GM £t + (dE /dt) rad /M 

L* and E* are the net angular momentum and energy-at-infinity at the last stable orbit. Note that M is rest-mass 
accretion rate and is not equal to dM/dt. The two terms produced by the absorbed radiation may be written as follows: 

= RF(R)dR j n n t C B H(<d, $, R)dQ+ 
" + L tr x /„ ir(e, $)n t C B „(@, *, R tr )dV - L dlff x / n n v C BH (@, Rtr + AR)i s (@, $)dfi+ (5) 
+ Jr™ RF ( R ) dR In ntCBH {®,$,R)is(®, $)dn 

^) x ^ = RE(R)dRj n n^C BH (e, i?)dfi+ 

™ +£ tr x / n j r (e,$)n v C , BH (e,<&,i? tr )dn-L ( i l// x f n n<f,CBH(e,$,Rtr + AR)i 3 (G,$)dQ+ (6) 
+ 4tt /+~ RF(R)(R)dR J n n v C BH {®, fl)i s (0, $)dfi 

Here, i s and i r are the normalized intensities for the outer thin disc (r/ — 0) and for the radial photosphere (rj = vr/2), 
respectively. Their dependence on the angular variables for different cases was considered in section 12.11 
Co-rotating luminosity L tr of the inner face of the disc may be expressed as: 

L tr = L diff + L adv ~ AtvRHFsd + 2tvR x U rad v T = 

.4 A (7) 



2-kRHFsd X ( 1 + (j^y) w f ) = 2-kRHFsd x (l + 47YW f x (l + |r)) 



where iif is disc half-thickness, I7 ra d is vertically integrated energy density in the disc, v r is the locally-measured radial 
velocity in the disc. The first term describes the radiation diffusing out of the inner face of the disc (hence its effective 
temperature is close to the local effective temperature of the disc). Since the radiation diffusing out of the transition 
photosphere can not contribute to the radiation of the outer standard disc, its contribution is subtracted from the radiation 
of the disc (the negative term proportional to Ldiff m the formulae (J3J) and © above) setting A_R = H(R tr ). The lacking 
disc radiation has smaller effect upon black hole rotation than the inner disc face since the orientation of the photosphere 
is different. The second term corresponds to the radiatio n energy advected out of the optically thick region. Temperature 
ratio T c /Teff was obtained in IShakura fc Sunvaevl jl973h by considering vertical radiation diffusion. Second term becomes 



important if the accretion rate is high and radiation trapping works efficiently outside the transition radius. In this case, it is 
reasonable to connect Rt r with the sound surface near the last stable orbit rather than with disc evaporation. K multiplier 
in the above equation takes into account the vertical structure of the disk. Vertical structure of a radiation-supported disc is 



fairly approximated by a polytropic model with polytropic index n ~ 1 (see for example IShakura et al. 
Prad oc (l — (z / H) 2s j and K = 2/3. This value was used in all the calculations. The particular value of K varies slightly with 
the polytropic index reaching 16/35 ~ 0.457 for the extreme value of n = 3 that makes the relevant spin-down term about 
10-^20% smaller. Mean value of {z/H) 2 for n = 1 is 2/5 that justifies the choice of /io = H/R = 2/5 for the transition region 
case (see above this section). 

In all the simulations, we use the viscosity a parameter value of a — 0.1. 



2.3 Asymptotic behaviour for 8a <C 1 

Let J' ra d and E' rad be the angular momentum and energy emitted and absorbed by the hole for a unit accreted rest mass. To 
my knowledge, there are no convenient expressions for L* and E^ as functions of a, but since the considered Kerr parameter 
values are very close to unity it is reasonable to apply series expansion in 5a 1 / 3 . To the second order in <5a 1,/3 , using expressions 
(|A3|) . (|A1|) and (|A2[>. one obtains: 

'l + 2 2/3 Sa 1/3 + 2- 5/6 <5a 2/3 ) + 0{5a) (8) 

1 + 2 2/3 Sa 1/3 - ^2- 8/3 8a 2/3 ^j + O(Sa) (9) 
For Kerr parameter evolution, one obtains through direct substitution of the above expansions into the spin-up law Q: 



L x 



£ f x c~ 2 = -4 x 



GM ~ ^3 
1 

v 7 ! 
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da 



d\nM 



2 _ 5/6 + 2 -8/3 ^ 5fl 2/3 + 



2GM 



"rad o ^rc 



(10) 



This expression provides a general scaling for the equilibrium rotation parameter provided that Sa eq is small and the 
impact of radiation is much smaller than that of accreted matter: 



Sa eq oc 



C I 1 - —F' 

'-'rad o rad 



2GM 



3/2 



Here, J' rad and E' rad scale with the local radiative efficiency of accretion e, that implies 8a oc e 3 ^ 2 . For the standard disc 
case, they do not depend on the mass accretion rate, but dependence on accretion rate may arise for the inner disc face. While 
in the thin-disc limit, E' rad and J' rad do not depend on rh, existence of an inner face with H oc rh leads to J' rad oc E' rad oc rh 
and hence 8a eq oc m 3 / 2 . Broader applicability of this scaling is supported by the more comprehensive numerical results given 
in section |3~T1 

If the disc is non-Keplerian but its inner rim is fixed to the ISCO radius, deviations from the Keplerian may play the 
main role. Spin evolution is then determined (in the 8a <C 1 limit) by the following expression: 



da 



2C*i 



3 x 2~ 2/3 oa 2/3 



1 



dlnM 

where Ci is the angular momentum at the ISCO in the units of Keplerian angular momentum. Equilibrium spin value 
may be supported without radiation capture in this case: 



Sa e 



2x3 



-3/2 



Ci 



3/2 



3 RESULTS 

3.1 Inner edge of a thick disc 

Most of the internal energy in the inner parts of X-ray binary discs is stored in the pressure of radiation diffusing upward 
towards the disc surface. If the disc abruptly becomes optically thick (that is expected in the case of disc evaporation or near 
the ISCO), this radiation escapes due to diffusion and advection. The luminosity created by this "transition" radiation source 
is estimated by the expression above. This radiation is much more efficient in spinning down the black hole than standard 
disc radiation. 

Since disc thickness is proportional to mass accretion rate, the equilibrium Kerr parameter becomes dependent on the 
mass accretion rate. Maximal spin-down occurs for r ~ 2-^5 and results in 8a eq ~ 4x 10~ 4 m 3//2 (see figure[2]). The dependence 
on mass accretion rate is easily explained in the large-radius limit but holds to ~ 20% accuracy even if the inner disc rim is 
close to the ISCO. One should expect near-critical and mildly super-critical accretion to be efficient in spinning down the BH 
to the probable a eq ~ 0.995. 

Since the disc has some non-trivial vertical structure, its inner face is expected to be not exactly cylindrical. To account 
for this, I considered a photosphere inclined by different angles r\ (see figure [3] r\ is the angle between the normal to the 
emitting surface and vertical direction). The photosphere is assumed symmetric with respect to the disc plane that implies 
bi-conical shape of its surface. 

It should be noted that for large spin parameter values, the shape of the inner parts of the thin relativistic disc deviates 
strongly from plane-parallel approximation. It may be shown that for 8a < 10 -2 , the inner parts of the thin disc are inclined 
by > 20° to the equatorial plane. 

Results of this subsection may be used to make a rough estimate for the maximal possible 8a in the optically and 
geometrically thick supercritical disc if it is due to some reason (such as high viscosity or magnetic pressure) truncated 
outside the ISCO. The maximal possible disc thickness is H ~ R that corresponds to rh ~ 2/3rj(a) ~ 3, where 77(a) ~ 0.32 is 
accretion disc efficiency. For r tr = 2, this implies 8a ~ 4 x 10 -4 x (3) 3 ^ 2 ~ 2 x 10 -3 . Hence, equilibrium Kerr parameter is 
unlikely to become smaller than ~ 0.998 through radiation capture from an optically and geometrically thick disc if the outer 
disc parts are invisible. 



3.2 Truncated disc case 

In figure [4] I show the dependence of equilibrium a on the inner truncation radius r tr in two extreme cases: if the optically 
thin disc part emits nothing (in this case, there is no Thorne spin-down term in the limit rt r — > 00) and if it produces 
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Figure 3. Equilibrium Kerr parameter values for the case of thick disc photosphere inclined by some angle r\. Solid, dotted, dot-dashed 
and multiple dot-dashed lines correspond to r\ = 0, 22, 44, 67 and 90 degrees. Mass accretion rate is fixed to th = 1. 



exactly the same amount of radiation as standard disc, but the radiation is emitted isotropically. An optically thin disc has a 
potential for somewhat stronger radiative spin-down than the standard disc, leading (if it happens to be radiatively efficient 
and geometrically thin) to the equilibrium Kerr parameter value of 5a eq ~ (4.02 ± 0.05) x 10 _3 e 3//2 . 

There is a range of r tr ~ 1.5 -i- 5 where the efficiency of truncated disc radiation in spinning the black hole down may be 
higher than for the standard disc case. The prominent bump at these r tr is produced by the radial photosphere (see previous 
subsection). Its contribution grows rapidly with mass accretion rate and is responsible for the difference between the individual 
curves in figure[4] For mass accretion rates m < 0.01, the variations in spin-down term with m are < 20%. 
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Figure 4. Equilibrium Kerr parameter values as functions of truncation radius rtr for different mass accretion rate values (rh = 10 2 , 
4 x 10~ 2 , 0.17, 0.72 and 3 are shown by solid, dotted, dashed, dot-dashed and double dot-dashed lines, respectively). In the left panel, 
the inner ADAF disk part emits nothing, in the right panel its locally emitted flux equals that for the standard disc. Horizontal lines 
mark the Thorne limits of 8a ~ 0.0018 and 0.0022 and the maximal possible 8a ~ 0.004 for the optically thin case (not taking into 
account disc thickness, hence this value is higher than the limiting 8a for a hybrid disc). 



The maximal possible 5a and the position of the maximum depend on the efficiency of the optically thin part of the flow 
and change from r tr — 3, Sa max ~ 3 x 10~ 3 for e = to r tr — 4, Sa max ~ 5 x 10~ 3 for e = 1. One additional assumption 
needed for this estimates to work is direct visibility of the emitting surface of the disc from the black hole. If the disc launches 
wind or its inner parts are geometrically thicker the efficiency of radiation-capture mechanism is always smaller than of in the 
standard disc case (see previous subsection). 



4 DISCUSSION 



The effect of radiation spin- down is probably of little importance because magnetic field s are expected to spin black holes 
down much more efficiently (jBlandford fc ZnaielJl977l : lUzdenskyhool | iGammie et al ]|2004h . The role of mechanisms involving 
magnetic fields depends on the geometry of the field and on the existence of some extended load (such as jet). Hence the 
situation when magnetic fields are insufficient to stop the spin-up should not be excluded. Unlike the effect of radiation 
capture, the impact of Blandford-Znajek and similar process changes smoothly when 5a approaches zero and may be safely 
ignored unless it already provides an equilibrium a < 1 by itself. 

Radiation of optically thin ADAF discs is of little importance for black hole evolution since the radiation is emitted ineffi- 
ciently and hence the amplitude of the radiation contribution is several orders smaller than for the radiatively-efficient standar d 
disc case. Potentially interesting case is hyperaccretion through a neutrino-emitting accretion disc jchen fe Beloborodovll2007h . 
For stellar-mass black holes and M ~ 10 -3 -f- 1O _1 M0 yr _1 , accretion disc emits neutrinos in an optically-thin but radiatively 
efficient regime. 

Another complication that should be taken into account in more comprehensive models is deviation from the Keplerian 
law possibly important for radiatively inefficient discs. Substantially sub- Keplerian flows are unabl e to spin the black hole 
up to Kerr parameters where radiation capture effect becomes important ( Popham fc Gammie 1998). It can be checked that 
if the net angular momentum at the last stable orbit differs from Keplerian by a factor of c < 1, spin- up proceeds up to 
some equilibrium value of a < 1. Estimates made in section [2731 suggest scaling 5a eq ~ 2 x 3 _3,/2 x (1/c— 1) 3,/2 in this case. 
Deviations from Keplerian rotation become important if deviations from Keplerian law are > (1 -f- 2)%. For thick discs with 
H/R > 0.1, sub-Keplerian rotation may be a more important factor than radiative spin-down. Disc rotation faster than 
Keplerian by sever al percent make s it im possible to balance black hole rotation by radiation capture. Super-Keplerian slim 
discs considered bv lSadowski et al ( 2011 ) provide the black hole with matter having not only higher net angular momentum 
but also exceedingly high net energy hence the overall spin-up may be still stopped by radiation. Inner structure for these 
accretion disc models is profoundly different from the thin-disc approximation and also shows strong dependence on viscosity. 
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5 CONCLUSIONS 

I come to the conclusion that radiative spin-down is sensitive to the geometry and optical depth of the emitting material. 
Existence of a radially oriented disc photosphere at several gravitational radii may increase the spin-down term by about a 
factor of 1.5 for large (near-critical) accretion rates in the disc if the inner edge of the standard disc part lies in the range 
(2v4)GM/c 2 . In other cases the effect of disc radiation is much smaller due to lower radiative efficiency. Non-Keplerian 
rotation becomes more important than radiation capture if deviations from Keplerian law exceed l-j-2%. 
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APPENDIX A: SOME ESSENTIAL PROPERTIES OF THE THIN RELATIVISTS DISC MODEL AND 
TRANSITION FROM THE ORBITING FRAME 

This Appendix was introduced only for reference and does not contain any original research results. Since all the lengths scale 
either with the black hole mass or with the Kerr parameter, I assume here GM = c = 1. Kerr metric in the Boyer-Lindquist 
coordinates may be expressed near the equatorial plane as: 



ds 



Here: 



Lense-Thirring precession frequency: 



-a dt H — (dip — WLTdt) + —dr + dz 

r 2 A 



2 r'A 

a = -w 



^2 4 . 2 2 . „ 2 4 , 

2j — r + r a + Ira = r A 



A = r 2 - 2r + a 2 



LdLT = 



= B~ L r 



1 -3/2 



r 3 / 2 + a 

The theory of relativistic thin accretion disk as introduced by Novikov fc Thornel ( 1973f ); Page fc Thornel (1974) operates 
a series of auxiliary factors depending on the radial coordi nate and rotation parameters a that I here denote with calligraphic 
letters following the notation given bv lPenna et~aH Hill). 



Net angular momentum and energy on equatorial Keplerian orbits are expressed as: 



Vc 

g_ 

Vc 



The inner rim of the disc is set by the innermost stable orbit radius that may be expressed as follows: 



risco =3 + Z 2 - V(3-Zi)(3 + Z 1 + 2Z 2 ), 
where: 



(Al) 
(A2) 

(A3) 



Zx = 1 + (1 - a 2 ) 1/3 ((1 + a) 1/3 + (1 - a) 1 / 3 ) 



Z 2 = \/3a 2 + Z\ 

If Sa <C 1, the last stable orbit radius is a smooth function of Sa 1 ' 3 that justifies the approximation I use in section \2~3 
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Let us consider the orbiting frame moving with the matter with the four- velocity of v?, u = vT = 0, u v = flu*. 
Normalization yields 



^Ja 2 — g vv (il — ult) 2 

I use the orbiting frame tetrad (see for example iNovikov fe Thornel |l973h l that is more convenient to express in terms 
of covariant (1-form) basis: 

(A4) 

(A5) 

(A6) 
(A7) 



u' = -x ( dt (fi - ujlt) x (dip - Qdt) ) = C 1/2 x (Qdt - y/rTdip) 

u V 9<p<p ) 

Jp = _L x a/^E l-ndt + dip) =C~ 1/2 x ( -\ —dt + rBVVdip) 
u* a ' I v f / 

uj t = ^Jg rr dr = T)~ 1 / 2 dr 
oj z = dz 

In the orbiting frame, a photon is characterized by the unit vector n a : 



n t - = — 1; 71$ — sin sin $; n? = sin O cos $; nj^cosO; 

These quantities may be connected to the coordinate-frame vector components as na = rne\. This allows to express the 
energy-at-infinity — u t and angular momentum u v of a given photon as: 



a X I I'D 

-Tit ~ —Ut n a = — f= x I £7 + \/ — sin sin $ 
VC \ V r 



1 



\[rT + rBVV sin sin $ 



These quantities multiplied by the local intensity and integrated over the solid angle give the energy-at-infinity and 
angular momentum fluxes (see section 12. 2(1 . 
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